A double inverted pendulum plant as an established model that is analyzed as part of this work was tested under the influence of time delay, where the controller was fine tuned using a firefly algorithm taking into considering the fitness function of variation of the cart position and to minimize the cart position displacement and still stabilize it effectively. The naturally inspired algorithm which imitates the fireflies definitely is an energy efficient method owing to the inherent logic of the way the fireflies respond collectively and has shown that critical time delays makes the system healthy.
INTRODUCTION
Double Inverted Pendulum(DIP) has been analyzed as a system in control education. The classical Indian rope trick is one fine example where a rope is made to stand in thin air which dates back the stabilization problem to ancient Indian history. Typical the pendulum systems are underactuated and highly non-linear and difficult to control. The design of controllers for such a system can be further be extended to the fields of entertainment, mechatronics and robotics specifically. Various types of controllers such as LQR, LQG, H-Infinity , Kalman filter based observer design have been applied by researchers worldwide.
A typical double inverted pendulum has a cart and also two pendulums at the center which are free to oscillate about its axes from the unstable equilibrium position to the stable equilibrium position. Typically the arrangement has a motor driven control for such a system using which the stability can be achieved. Srikanth [1] has discussed about various types of controllers applied to the double inverted pendulum and also applied neural networks to the identification and control of such a system. Researchers have investigated various aspects of controller design [6] [7] [8] [9] [10] [11] [12] . However, active research has not be done on the time delay aspect of double inverted pendulum. It is also to be noted that other versions of the inverted pendulum systems such as the triple inverted pendulum and quadruple pendulum systems and the rotary inverted pendulum have be studied.
This paper investigates the case of including a time delay in the signal transmitted to the motor that control the input of the double inverted pendulum. The analysis is also extended to the case where a Fire fly optimization technique minimizes the motion of the states of the pendulum and minimizes their displacement resulting in an enhanced controller design. The paper proposes altogether a new dynamic system which is analyzed using meta-heuristics methods.
MATHEMATICAL MODELING
A typical arrangement of the double inverted pendulum dynamics involves Euler-Lagrangian equation as in [1] . The important system parameter state variables include X , θ1 and θ2 which denote the cart position, the lower pendulum angle with respect to the vertical , θ2 is the upper pendulum angle with respect to the pendulum and θ3 is the angle with respect to the vertical. F is the force acting on the cart. The pendulum and cart masses are m1,m2 and M. The non-linear model is described for the two stage inverted pendulum by a set of three nonlinear differential equations described by equations 1, 2 & 3.
Where L = T -U /2/ T: kinetic energy U: potential energy Qi: generalized forces not taken into account in T, U qi: generalized coordinates and the generalized coordinates can be taken as
The following assumptions are important in the modeling of double inverted pendulum system dynamic analysis.
1) The system starts in a state of initial conditions with the pendulum position in less than 5 degrees away from its unstable equilibrium position.
2) A small perturbation is applied to the pendulum. The pendulum is represented as given in figure 1 with two links. The total kinetic energy for the system is the sum of the kinetic energies for the cart and the two links, is given by equation 5 as 
The total potential energy of the system is the sum of the potential energies of the cart and the two pendulums which is found to be
Using these equations and based on assumptions as in [5] the system developed would appear as follows: The measurement noise is neglected and only a desired cart position is considered. The time delay parameter which is considered here is at the output measurement which directly affects the system performance. The delay could be considered as a component due to the time delay, a transport delay, that could well be considered added at the encoders. With the help of Pade approximation, the shift operator can be approximated by a rational transfer function of first order as The firefly algorithm is an algorithm where the natural life cycle of fireflies is imitated for obtaining the fitness of a function. The algorithm is better than the conventional gradient descent method [18] applied to systems in terms of energy as fireflies use optimized energy whereas gradient descent does not use specifications like intensity of light. The species of fireflies are a vivid variety which have distinct mechanism of communicating with one another and which observes certain patterns as they mutate based on how they respond to the individual patterns. It is known that the intensity of light at a certain point is understood by inverse square law and it is also to be known that fireflies uses flashing light patterns were there are certain characteristics such as rhythm and rate of flashing and duration of flash. Taking these into account, an algorithm is developed which gives us a fitness. The parameters that are of significance in the algorithm are light intensity variation and brightness. A typical algorithm when applied to the double inverted pendulum is given as follows:
Algorithm: 1) Begin; 2)
Initialize algorithm specifications such as Maximum generations(N), light absorption coefficient(Gamma), particular distance from the light source(r) and D domain space 3)
Define the objective function 4)
Generate the initial population of fireflies 5)
Determine light intensity using fitness evaluation While (t<MaxGen) For i=1 to N For j=1 to n If( Ij >Ii), Move firefly i towards j by using update equation End if Attractiveness varies with distance r Evaluate new solutions and update light intensity End for j End for i; Rank the fireflies and find the current best; End while; Evaluation; 6) End
Results
The block diagram representation by which the system can be represented is as follows shown in figure2. Transport delay was incorporated into the system and the stabilization was achieved and tested for the cases where the system fails and the constraints for obtaining the boundary conditions were obtained. The firefly parameters utilized are as follows in table 1. Table I indicates the values that define the characteristic properties of the firefly algorithm. The choice of the values was strictly based on faster convergence and various iterations that yielded in the optimal performance of the algorithm and figure 3 indicates relative significance of parameter definition by using a radar graph. 
Figure 2 Full state feedback with Firefly(FF) optimization

Figure 3 Radar Graph for Parameters with Firefly(FF)
The poles that are determined by using the firefly algorithm are closer to the imaginary axis and confined to be dominant in nature. The obtained values for the poles are indicated below and the convergence is given in figure 4 . Poles = [-2.00 -0.250 -2.91 -2.91 -2.91 -2.9 -2.91]
Figures 5 to 7 show the control effort is reduced when the input is delayed which could possibly be an indication that the time delay has helped the system to get stabilized with lesser energy than compared to that without time delay. This is clear from the cart position, pendulum position variations. Similarly variation in velocites clearly indicated that the variation in energy or the damping is higher before the two pendulums settle down to the final steady state and the cart also settles down and reaches the final value. The analysis using firefly has indicated that the naturally inspired algorithm assigns the poles based on optimization of the given fitness function which is the displacement of the cart in this particular case. The results have shown that the incorporation of time delay with bounds is healthy for the systems and would decrease the control effort utilized by the system. This technique of incorporating the delay can be applied to higher order systems also keeping in view that the system can go into the verge of instability, even then the system could have critical time delays which make the system more efficient in terms of control effort made by the system for stabilization. 
